Abstract-In this paper sigma-delta (%A) sequences derived from a single-loop numeric E-A modulator with sinusoidal input are investigated. A class of limit cycles shows :a special kind of symmetry, designated as "half-symmetry". It is shown that halfsymmetric E-A sequences are especially suited for automatic generation by means of an autonomous oscillator. The design of such an oscillator is presented. The central part is a singleloop numeric E-A modulator. The two-level output sequence of the E-A modulator is accumulated in lossless discrete integrators and fed back to the input. If the initial conditions of the oscillator registers are chosen properly in relation to a system constant F , the oscillator generates a two-level E-A sequence identical to the sequence of a S A modulator which is externally driven by a pure sinusoid. Conditions for system constant E and initialization for periodic operation are derived. If constant F i s an integer, the operation of the oscillator is exclusively based aln integers. Thus, although the network is highly recursive, truncation-or roundoff errors are avoided and problems with respect to stability do not occur.
I. INTRODUCTION
N PRINCIPLE, digital sinusoids can be generated exclu-I sively from a table look-up scheme, from a recursion, or from a combination of table look-up and computation. Purely recursive generation requires digital networks with recursive (or IIR-) structures. A general feature of recursive networks is truncation-or round-off errors due to limited computation precision and thus digital oscillators based on icecursion usually tend to unstable operation. An example of a recursive digital sinusoid generator is a cascade of two discrete-time integrators with z-transforms z-'/(l-z-') and l/(l-z--'), respectively, and a multibit-multiplier in a loop. The oscillation frequency is determined by the multiplier factor, and the oscillation amplitude is defined by the initial conditions of the registers. A description of an oscillator based on this concept has been published in [l] .
The digital oscillator described in [2] essentially utilizes the double-integration topology of the oscillator [ 11. However, the multibit-multiplier is replaced by a sigma-delta ( E A ) modulator, which is incorporated between the integrators. In [2] , the basic operation parameters of the oscillator such as oscillation frequency and amplitude are exclusively derived from the double-integration oscillator without taking into account the E A modulator. It is assumed that the E-A modulator works fully equivalently to a mudiplier (plus one unit delay stage) and therefore the noise introduced in the quantization stage of the modulator has no influence on the stability of oscillation. This assumption is justified by experiment, but not by theory.
This paper presents a E-A based oscillator similar to the oscillator circuit as described in [2] . The oscillator is analyzed and conditions for guaranteed stable oscillation modes are derived. It is shown in Section IV-C of this paper that this type of oscillator is highly sensitive to variations of system parameters; only small changes in the initial conditions of the registers may lead to unstable operation modes.
The digital oscillator analyzed in this paper contains a single-loop numeric E-A modulator. The oversampling E A modulation concept is primarily known for its suitability for high-performance analog-to-digital (AD)-and digital-toanalog (D/A) conversion [3] . In the E-A-modulator, the analog input signal is converted to a two-level output sequence (y-sequence) at a rate f s which is much higher than the Nyquist rate 2 f c (fc is the signal bandwidth). The ratio & is usually designated as oversampling ratio (OSR). In the time domain, the amplitude of the input signal is represented in the y-sequence as the short-time mean value. In the frequency domain, the spectrum of the y-sequence consists of the spectrum of the input signal in the base band plus the spectrum of the noise signal (due to the noise added at the quantization stage).
Because of the noise-shaping properties inherent in the E A concept, most of the energy of the noise spectrum is shifted outside the signal band toward higher frequencies. However, as far as the signal band is concerned, the representation of the input signal in the y-sequence is not perfect, since some noise energy remains in the base band and introduces a systematic error (finite signal-to-noise ratio). As a general feature of A Dconversion, this imperfection in signal representation can be interpreted as an uncertainty about the input signal. This means that a particular y-sequence can be generated not only by one single specific input signal, but also by slightly deviating input signals.
This general property is exploited in the E-A oscillator analyzed in this paper. A method is presented to derive conditions for the oscillator to generate periodic y-sequences identical to the y-sequences of a E-A modulator which is externally driven by a pure sinusoid. Although the input signal of the E-A modulator within the resonator loop is not perfectly harmonic, it is possible to obtain identity of the y-sequences in the light of the considerations mentioned above. This paper is organized as follows. In Section 11, ysequences are investigated when a discrete-time %A sequences showing a special kind of symmetry (designated as "half-symmetry") is suited for automatic generation by means of a E A based oscillator. In Section 111, the E A oscillator itself is analyzed. Conditions for absolute periodic oscillation modes which are exclusively based on integers are derived. Therefore, registers of finite length can be used without introducing any truncation or round-off errors. Section IV presents some simulation results and in particular shows unstable oscillation modes to emphazise the importance of proper initialization.
All simulations presented in this paper have been performed on an IBM-PC using MATLAB (The Mathworks, Inc., South Natick, MA). In the following, the MATLAB notation for signal description is used. 
GENERAL PROPERTIES OF E A
for n 2 1. Signal w ( n ) exclusively consists of integers. Signal
Due to the definition of so(%), signal U(. ) shows a local maximum at n = 1, i.e., and u(1) = u(0) for cr = 1 (4)
Clearly, the output sequence yo (n) will depend on the initial condition w(1) = u(1) -~( 1 ) .
As a condition for the general symmetry properties derived in the following, U ( 1) is chosen such that U(.) is a zero-mean cosinusoid described by u(n) = Signal u(n) at the input of the A modulator is tracked by prediction signal Y (n). It is intuitively clear that this tracking is especially easy at the maxima (and minima) of signal u(n), and with condition (4), such a maximum occurs at at n = 1.
Periodic repetitions of register states in E A modulators in general are designated as limit cycles, which have especially been investigated for dc-input signals, e.g., in [4] and [5] . Here, the input signal is a sinusoid, and the existence of limit cycles also can be expected. It will be shown in the
A. Symmetry Properties of Limit Cycles
In this section, Some general Properties of Y-sequences are derived when a discrete-time c-a modulator Of first-order 1s driven by a sinusoid. The input sinusoid is defined by
with amplitude a0 being within the range 0 < a0 1. By this definition, the sine wave has p periods during N samples,
where N and p are assumed to be integers, repectively, and relatively prime. Phase-factor a is defined to be within the range 0 5 a 5 1.
The discrete-time E-A modulator is shown in Fig. l(a) . It contains a lossless discrete integrator and a discrete comparator for the detection of the sign of the integrator output, which represents the y-sequence yo(n) E {+l, -1}. The E-A modulator Fig. l(a) is equivalent to the circuit Fig. l(b) , where the input signal is first accumulated and then fed into a simple linear delta (A) modulator.
Signals U(.) and ~( n ) are obtained by accumulation of the input signal s o ( n ) and the output sequence yo (n), respectively, following that for sinusoidal inputs these limit cycles can be detected comparatively simply. By (3, the E-A register
is a zero-mean sequence if one limit cycle period is taken into consideration.
Stable and periodic y-sequences are obtained, if the initial condition Y (1) has one of exactly two possible values wI(1) or u2(1), resulting in two different sequences ~( n ) and v~(n).
Dependent on the samples u(0) and u(l), two cases have to be distinguished, as depicted in Fig. 2 . is a zero-mean cosinusoid as described in (3, some general symmetry properties of the sequences can be derived for i) N mod 2 = 1 (odd N ) , ii) N mod 4 = 2, and iii) N mod 4 = 0. For convenience, a parity operator on an integer argument q is defined by P{q} = 0 for even q , and P{q} = 1 for odd q.
(8) ad i ) : for N being odd, the period of a;(.) (with index i = 1 , 2 here and in the following) cannot be equal to N , 
and Therefore, the period of the sequences U ; ( . ) and consequently the period of the sequences w; ( n ) The period of the sequences w, ( n ) and w, ( n ) IS N , representing the limit cycle period. Here, in contrast to the sequences described in (9) and (lo), the amplitude-DFT-spectra over N samples of the associated y-sequences yo, ( n ) are different. For convenience, the symmetry property within one period as described in (11) is designated as "half-symmetry,'' and periodic sequences composed of half-symmetric periods are designated as half-symmetric sequences. One special case for N mod 4 = 0 occurs, when phasefactor Q of the input sinusoid is set to Q = 1. Then signals so(n) and u(n) are highly symmetric and it follows that so(1:
2 ) ] with zeros at n = + 1. Starting at n = 1, one of the two sequences ut(.) will also be zero at n = % + 1, and therefore the determination of yo, ( n ) at this location will cause difficulties. Condition for sequence v, ( n ) for not being zero at is different from parity P{C$, yO,(n)} = P { $} (cf. (3)). This means that $ being even requires an odd initial condition w,(1) to produce a valid sequence u,(n), and being odd an even initial condition. Depending on the amplitude of the input sinusoid, index i will change between 1 and 2. For convenience, a new index "s" is introduced for this case: The question might arise, whether or not (for arbitrary N ) the sequences w1(n) and u2(n) collapse into each other, i.e., u1(n) = v~( R ) for R > n,. This case can simply be excluded, because the intitial parities are different (P(v1 (l)} # P{ v2 (1)) since ul(1) -v2 (1) = 1) and the parities of adjacent samples are different (i.e., P { v z ( n ) } # P{v?,(n + I)}), and 
B. Properties of Half-Symmetric Sequences
Half-symmetric sequences as described in (1 1) in general some highly interesting properties. Sequence h ( n ) is assumed to be a half-symmetric and composed of integers. Thus, the shifted sequence h(n + no) is also half-symmetric (index no is arbitrary). Therefore, the properties described in the following for the indexes k = 1 : N (first period) can be adapted to
The mean of h ( n ) over one period is zero, since t 13)
and multiplied by two, sequence 2 E:
is obtained. This sequence shows the following prc,perties: a) it consists exclusively of integers, and b) shows half-symmetry again. These features are demonstrated with the help of a simple example. One period within a half-symmetric sequence is given by [4 1 -2 8 -4 -1 2 -81. The accumulated sequence is 14 5 3 11 7 6 8 01. The mean of this sequence is y , thus the zero-mean sequence multiplied by two is [-3 -1 -5 11 3 1 5 -1 11, which again shows half-symmetry.
A half-symmetric integer sequence is obtained by accumulation of h(n) without multiplication by two, if the term h ( k ) is integer (cf. (13)). Sufficient conditions therefore are that N mod 4 = 0 (and thus $ is even) and that h(n) exclusively consists of either even or odd integers. Then an accumulation of an even number of even (or odd) integers results in an even integer and thus division by two yields an integer result.
As a consequence of the properties a) and b) of above, a sequence composed of integers with half-symmetry can be accumulated an arbitrary number of times without loosing the half-symmetry property and without introducing noninteger numbers.
C. Determination of Amplitude Limits
If a particular sequence yo(n) is derived from a sinusoid so(n), sequence y~( n ) will not change, if amplitude a0 remains within a particular range ao+in < ao < a~,~~~. To determine this range, signals U (.) and W(R) are regarded.
The amplitude of u(n) can be varied within particular limits without changing ~( n ) .
Reducing the amplitude of ~( n ) , respectively, are obtained. These two ranges have immediately neighboring ranges, whose upper limits are equal to the lower limits a 0 1 ,~i~ and a 0 2 ,~i~. respectively. The lower limits of the neighboring ranges will also be different. The neighboring ranges of these ranges, and of these again, and so on can be calculated, until the lower limits reach zero. In all, two closed sets of ranges are obtained, where neighboring ranges have no gaps and are not overlapping. For cr = 1, an input sinusoid is associated with only one sequence yos(.). Therefore, only one set of neighboring ranges is obtained.
To estimate the number of ranges in each set, the difference of the sequences u(n) which are associated with neighboring at particular positions n,, where indexes n, are a subset of indexes n+ (cf. Section 11-C). If the amplitude is set to a0 = uO,min + E (with F << 1), then abs(u(n,)) is slightly greater than abs(v(n,)). For a0 = a0,min -E , abs(u(n,)) is slightly smaller than abs(w(n,)), and therefore the twolevel signal yo(n) changes its sign at indexes n, and at the following indexes a, + 1, respectively. However, except for these changes, yo(n) remains the same. The changes in yo(n) are regarded, the positions of differences change in a hardly predictable way and therefore it is difficult to determine the overall number of ranges if sequences w(n) alone are taken into account.
However, the well defined differences between neighboring sequences w(n) can be made visible independent of their positions if the sequences w(n) are accumulated. Since sequences w ( n ) are half-symmetric, (zero-mean) half-symmetric sequences can be obtained by accumulation (cf. Section 11-B). The differences between neighboring sequences v ( n ) cause an exactly defined difference A in the amplitudes of the accumulated sequences. 
ANALYSIS OF A c-a OSCILLATOR
Section I1 demonstrates that a sinusoid in general is associated with exactly two y-sequences, if U(.) is assumed to be a zero-mean sequence (cf. (5)). For N mod 4 = 0, these y-sequences are independent of each other and show half-symmetry, respectively. It has been shown that integer half-symmetric sequences can be accumulated such that again half-symmetric sequences consisting of integers are obtained. It has also been shown that y-sequences can be insensitive to slight variations of the input sinusoid. These variations in general might be caused by some noise added to the sinusoid, or may simply be variations of the amplitude of the sinusoid (cf. (14)).
In the light of these considerations it seems reasonable to construct an oscillator which automatically generates halfsymmetric y-sequences identical to those produced by the driven E A modulator. In the following, only half-symmetric y-sequences are considered, and for convenience, index i = 1 , 2 is omitted.
A. Principle of Operation
A block diagram of a E A oscillator is shown in Fig. 3(a) . It consists of a cascade of pairs of lossless discrete integration networks (LDI2's, Fig. 3(b) ) and a numeric single-loop E A modulator of first-order as depicted in Fig. 3(c) .
The transfer function of an LDIz derived from its ztransform is
where f denotes the frequency normalized to the sampling frequency f s . The phase spectrum of LDIz(f) is zero and therefore no phase shift between the input and the output is introduced. The output of the first integration circuit is multiplied by two to ensure integer operation of the second integration network. Because of this factor, the output sequence of an LDT2 is exclusively either even or odd. Therefore, no factor two at the output of the second integration network is necessary for integer accumulation of sequences in the first integration circuit of the following LDI2 (cf. Section 11-B).
The numeric X-A modulator of Fig. 3(c) is identical with the X-A modulator of Fig. l(a) , except for the multiplier F in the feedback branch. Since F determines the oscillation frequency of the oscillator, it is designated as system constant. Block z+l after the last LDI2 is necessary to compensate for the delay in the E A modulator. It can be realized by simply taking b~( n
of the E-A modulator The basic idea behind this oscillator is as follows. Let yo(n) be a half-symmetric sequence derived from a driven X-A modulator Fig. l(a) for a sinusoidal input so(n). Then the short-time mean of yo(n) is proportional to the amplitude of the input sinusoid and the spectrum of yo(n) consists of a single spectral line at the frequency of the input sinusoid plus the noise spectrum, which is of high-pass type. Due to the low-pass type filter characteristic of the LDT2's, the noise floor is reduced at higher frequencies. Since no delay is introduced in the LDIz's, the resulting signal zo(n) at the .CA modulator input is a sinusoid plus some remaining noise. However, within each LDIz, the amplitude of the signal is amplified by about 2(&j2 (this is an approximation of (cf. Fig. 4 ). If a system constant F exists such that xo(n) at the %A modulator input is converted into the sequence yo(n) again, self-oscillation can be achieved.
B. Initial Conditions for Periodic Operation
For analysis, the oscillator of Fig. 3(a) is cut open immediately after the discrete comparator as shown in Fig. 4(a) , and sequence yo (n) is fed into the input. Far convenience, the network Fig. 4(a) is modified to network Fig. 4(b) . Here, the integrator of the X-A modulator in Fig. 2(a) is split up into two integration circuits, and the adder is shifted to a position immediately before the comparator.
Since sequence yo(n) is half-symmetric, all registers of 
C. Constraints for System Constant F for Periodic Operation
If the output sequence y & ( n ) in Fig. 4(b) is q u a l to the input sequence yo ( n ) , the loop can be closed, and operation as autonomous oscillator can be achieved. As shown above, the initial conditions for the registers can exclusively be derived from sequence yo ( n ) . It has also been demonstrated above that con- 
For general sequences yo(n) with half-symmetry at the input of the network Fig. 4 < F, , , ) are of particular importance for the oscillator implementation, if they contain at least one integer. However, this must not necessarily be the case (cf. Section IV-A, Table I ).
D. Hardware Cost
As far as R LDI2's are concerned, the oscillator can be implemented using 2R+1 registers and 2R+2 adders. The length of the registers can be determined by estimating the amplitudes of the signals a l ( n ) , u 2 ( n ) , . . . , U R (~) , h~(n),bz(n),..., 
IV. SIMULATION RESULTS

A. Generability of y-Sequences
This section investigates whether a sequence yo(n) derived from a sinusoid so(n) can be generated by means of the autonomous E A oscillator. Some general conclusions can be drawn regarding at the DFT-spectra Yo(m) and So(m). The DFT of sequence so(n) here is defined as 1 TABLE I GENERABILITY OF SEQUENCES to the generability of a y-sequence, the case p = 1 clearly has to be preferred. As shown in Section II-A, special symmetry properties occur setting cr = 1. In this case, sequence yos(n) is associated i.e., the phase of the input sinusoid exactly coincides with the phase of the first harmonic of sequence yos(n), except for one unit delay. This fact has an important impact on the generability of sequences yos(n) (with p = 1). It means that in principle each sequence yos ( n ) can be generated by means of the oscillator, provided a sufficient reduction of the noise spectrum of Yos(m) by the chain of LDI2's. Equation (27) in general is not fulfilled for arguments arg(Yo(2)) for arbitrary phase factors cr and p = 1, and therefore additional filtering with LDI2's will not necessarily improve the generability of the sequences yo ( n ) .
Some results are summarized in Table I . Columns 1-3 contain the parameters N , a, and p defining the sinusoid so(n).
The overall number of y-sequences is calculated in column 4, if the amplitude is reduced from a0 = 1 to a0 = 0.
Depending on the number R of LDI2's (column 5), a particular number of y-sequences can be generated by means of the oscillator. Column 6 shows the number of y-sequences with and these results correspond to y-sequences, which cannot be generated by the oscillator with one LDI2. For R = 2, 824 ysequences can be generated with operations on integers. Here, additional filtering helps to increase the number of sequences that can be produced by the oscillator.
If all possible y-sequences are derived for N = 256, p = 1, and cr = 0, 1631 different y-sequences are obtained. For R = 1, 1095 sequences yield regions with F,,, < F < Fmax.
Out of these, 1048 regions contain at least one F as an integer.
For R = 2, 1009 regions with F,,, < F < F,, are obtained, and each of these contains at least one integer. Here the number of sequences that can be generated by the oscillator even decreases, when two LDIz's are used instead of one. This clearly underlines the importance of (27) and the exceptional importance of sequences yos ( n ) in the present application. Table I also depicts some results for p = 3. As expected, the number of y-sequences that can be generated by the oscillator is comparatively low. Corresponding to the considerations stated above, the number of possible sequences is significantly reduced for R = 2 instead of R = 1. If an oscillator with two LDI2's is considered, there are only 3 y-sequences which cannot be generated for a. = 0.95, a = 1 , p = 1, and N = (256:4:8192).
B. Signal-to-Noise Ratio
The spectral properties of two-level E A sequences in general have been broadly discussed in literature, e.g., [6] .
In [7] , especially E A systems of first-order with sinusoidal input signals are investigated.
In the present application, the Signal-to-Noise ratio within a given signal band f c can be exactly computed, since for N mod 4 = 0, both sequences s o ( n ) and y /~( n ) are periodic with period N . The overall noise spectrum is given by 
C. Examples of Unstable Oscillation Modes
This section demonstrates the sensitivity of the oscillation modes to slight changes of the initial conditions and the system constant F . As an example, the y-sequence is derived for an input sinusoid characterized by N = 128, a0 = 0 . 9 8 ,~ = 1, and a! = 1. An oscillator configuration with R = 1 is considered, and (16) that the simple analysis of the oscillator as reported in [2] is not sufficient and may lead to some unpleasant surprises.
V. CONCLUSION
The analysis of the E-A based oscillator as described in this
1) The analysis aims at finding conditions for the oscillator to generate y-sequences identical to those produced by a E A modulator driven by a pure sinusoid.
2) The input sinusoid is defined by the parameters N . a , and p . Sufficient conditions for the resulting sequence yo(n) being half-symmetric are that N is an integer multiple of four, and signal U(.) is a zero-mean cosinusoid (cf. (5)).
3) The oscillation frequency and the oscillation amplitude of the oscillator are determined by system con- derived from sinusoids with N mod 4 = 0. Q = 1, and p = 1 have a special importance. It has been shown Section IV-A that each of these sequences in principle can be generated by the oscillator, provided a sufficient number of LDI2's is used.
For y-sequences derived from sinusoids with a # 1 (and arbitrary p), adding LDIz's does not necessarily enhance the generability. 6) It has been shown with the help of some examples that the oscillator is highly sensitive to variations of the initial conditions and the system constant F . Even marginal changes may either result in amplitude fluctuations or even cause a complete breakdown of operation.
F m m > F m a x .
